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CHARACTERIZATION OF STADIUM-LIKE DOMAINS VIA 
BOUNDARY VALUE PROBLEMS FOR THE INFINITY LAPLACIAN 

GRAZIANO CRASTA, ILARIA FRAGALA 


Abstract. We give a complete characterization, as “stadium-like domains”, of convex 
subsets of R" where a solution exists to Serrin-type overdetermined boundary value 
problems in which the operator is either the infinity Laplacian or its normalized version. 
In case of the not-normalized operator, our results extend those obtained in a previous 
work, where the problem was solved under some geometrical restrictions on fl. In case 
of the normalized operator, we also show that stadium-like domains are precisely the 
unique convex sets in R" where the solution to a Dirichlet problem is of class 


1. Introduction 

Consider the following Serrin-type problems for the infinity Laplace operator Aqo or its 
normalized version A^: 



— 1 

in fl. 

(1) 

u = 0 

on dit, 


< 

II 

on 

and 





in fl. 

(2) 

e 

II 

o 

on dit, 


|Vtt = c 

on dQ. 


Aim of this paper is to provide a complete characterization of convex domains C M” 
where such problems admit a solution. 

Following the seminal paper by Serrin [.Idj and the huge amount of literature after it (see 
for instance [3 El dg da Eni EH [271 [35] ), overdetermined boundary value problems involv¬ 
ing the infinity Laplace operator were firstly considered only few years ago by Buttazzo 
and Kawohl (see [7]). In fact, due to the high degeneracy of the operator, all the dif¬ 
ferent methods exploited in the literature to obtain symmetry results for overdetermined 
boundary value problems fail when applied to problems ([I])-(Ell¬ 
in [7], Buttazzo and Kawohl dealt with a simplified version of problems ([I])-(E1)) which 
consists in looking for solutions having the same level lines as the distance function to 
the boundary of fl, which are called web-functions (see Section [2| below). This simpli¬ 
fication essentially reduces the problem to a one-dimensional setting, allowing to prove 
that the existence of a web-solution implies a precise geometric condition on 11, which is 
the coincidence of its cut locus and high ridge (see again Section E| for the definitions). 
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In particular, such condition does not imply symmetry, at least if taken alone without 
any additional boundary regularity requirement. In our previous paper [12] we studied 
the geometry of domains whose cut locus and high ridge agree, by providing a complete 
characterization of them in dimension n = 2, and in higher dimensions under convexity 
constraint; in particular, these results reveal that planar convex sets with the same cut 
locus and high ridge are tubular neighborhoods of a line segment (possibly degenerated 
into a point). Moreover, in [T3| we were able to carry over the study of problem ([T|) in the 
class of web-functions, by dropping all the regularity hypotheses on both the domain and 
the solution previously asked in [Tj. 

The study of problems ([I|)-(|2|) in their full generality, namely without imposing the solution 
to be a web-function, turns out to be much more challenging. As for problem ([2|), to our 
knowledge it has never been undergone. As for problem ([T|), in a recent work we proved 
that, among convex sets, those having the same cut locus and high ridge - that we call 
“stadium-like domains” - are the only ones for which whatever solution (not necessarily 
of web type) exists, see |13l Thm. 5]. As a drawback, we needed to ask the following a 
priori geometrical hypothesis on the convex domain 12: there exists an inner ball, of radius 
equal to the maximum of the distance from the boundary, touching dQ at two diametral 
points. Moreover, we also needed the technical assumption that 12 satishes an interior 
sphere condition at every point of the boundary. 

The approach we adopted for the proof relies on the study of a suitable P-function along the 
gradient flow of the unique solution to the Dirichlet problem. In particular, the diametral 
ball condition was used as a fundamental picklock to get the result. Indeed, it allowed us to 
overcome the possible lack of regularity of the solution, which is an intrinsic phenomenon; 
we refer to m Sections 5 and 6] for more details, including regularity thresholds. 
However, there was no reason to think that the geometric assumptions made on 12 should 
be really necessary, so that the conclusion reached in m was not completely satisfactory. 
We can now introduce the contents of this paper, by describing its main results: 

- Theorem [2] improves the achievement of [131 Thm. 5], by showing that it continues 
to hold without any geometric assumptions on 12, i.e. when both the diametral 
ball assumption and the interior sphere condition are removed. Contrarily to our 
previous belief, it is possible to arrive at this conclusion by completely circum¬ 
venting regularity matters, but rather exploiting the observation that a suitable 
web-function is always a super-solution to our problem (see Proposition fT^ . 

- Theorem[3]states that the same result (in its fully general version when no assump¬ 
tion is made on the convex set 12), holds true in the case of the normalized infinity 
Laplace operator A^. Recently, such operator has attracted an increasing interest 
for its applications and connections with different areas, in particular “tug of war” 
differential games [21 [28l |32| . As we pointed out in m Remark 3], in order to deal 
with problem Q a missing key ingredient was the -regularity of the solution to 
the corresponding Dirichlet problem, which has been established quite recently in 
m- More generally, the definition of via a dichotomy demands some care to 
adapt the different parts of the proof. 

- Theorem mgives yet another characterization of stadium-like domains, as the only 
convex sets 12 where the unique solution to the homogeneous Dirichlet problem with 
constant source term for the normalized operator achieves its maximal regularity, 
namely is in (^^’^(D). 
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We address as an interesting and challenging task the problem of extending our results to 
non-convex domains. 

The paper is organized as follows. In Section [2] we collect the required preliminary deh- 
nitions and results. In Section [3] we state our main results (Theorems [2j [3l and|l|), along 
with an outline of the proofs of Theorems [2] and [3l including the statement of the auxiliary 
results which serve as intermediate steps. In case of the operator Aqo, the proofs of these 
intermediate steps can be found in m, except for Proposition 1121 which is precisely the 
key new ingredient allowing us to remove the diametral ball condition. In case of the oper¬ 
ator A^, the proofs of all the intermediate steps must be adapted, and therefore we have 
chosen to present them separately in Section [H Finally in Section [5] we prove Theorem [H 


2. Preliminaries 


Let us recall the basic notions and known results about the unique viscosity solution to 
the Dirichlet problems given by the first two equations in ([1]) or in ([2]). 

For a function (p, we introduce the (not normalized) infinity Laplacian by 


Aoo<y^ := (V^<y9VvJ, Vp) 


and the operators 




■= 


Amax(V2(^(3:)), if S/p{x) = 0, 

ifV(/?(x)/0, 
Amin(V2(^(x)), if S/p{x) = 0 . 


Here is the normalized infinity Laplacian: 


:= 


1 




{V'^pVp, Vp) 


and, for a symmetric matrix A € Amin(^) and Amax(^) denote respectively the 

minimum and the maximum eigenvalue of A. 

Let H be an open bounded subset of M”, and consider the inhnity Laplace equations 


(3) 


in Q 

and 



(4) 

-A^u = l 

in H, 


In order to recall the notion of viscosity solutions for these equations, according to [TO], it 
is convenient to fix some notation. If u,v: II —)■ M are two functions and x G H, by 


u ~<xV 

we mean that u{x) = v(x) and u(y) < v(y) for every y G Q. 

Moreover we denote by Jq~u(x) (resp. J^’^u(x)) the second order sub-jet (resp. super¬ 
jet), of a function u G C(Q) at a point x G fl, which is by definition the set of pairs 
(p, A) G X such that, as y x, y G Q, it holds 

u(y) > (<) u(x) + (p, y - x) -h ^ (A(y -x), y-x) -h o{\y - x\^). 

A viscosity solution to ([3|), or to (Hj), is a function u G C(Q) which is both a viscosity 
sub-solution and a viscosity super-solution to the same equation. 



4 


G. CRASTA, I. FRAGALA 


A viscosity subsolution to ([3]), or to 0, is an upper semicontinuous function u such that, 
for every x G ri, 

Vif G C‘^{Q) S.t. U ^ , —^oo‘f{x) < 1 , 


or 


(5) V(/9 G C^(r2) s.t. u -<x </?, —Aj^(/?(x) < 1, i.e. 

equivalently, in terms of superjets, this amounts 

y{p,x)ej^+u{x), 


|-Aoo¥^(a:) < |V(/?(x)|2, 
\-Amax(V2(/?(x)) < 1, if V(f{x) = 0; 
to ask respectively that 
-{Xp,p) < 1, 


or 


V(p,A)G4+n(^), 


-{Xp,p) < IpP, 

-Amax(^) <1, if P = 0. 


A viscosity super-solution to ([3]) , or to dH , is a lower semicontinuous function u such that, 
for every x G n. 


V<p G C^{Q) s.t. Lf -<xU, —Aoo<^(a^) > 1 


or 

(6) Vp G s.t. p -<x u, —A'^ip{x) > 1, i.e. 


-Aoo<p(x) > |V<p(x)p, 
-Amin(v2(p(x)) > 1, if V(p(x) = 0 ; 


equivalently, in terms of subjets, this amounts to ask that 

V(p,X) G 4“«(x) , -(Ap,p)>l, 


or 


V(p,A)g4 u { x ), 

Next consider the Dirichlet boundary value problems 

I — Aooit = 1 in , 


-{Xp,p) > IpP 
-Amin(7^) >1, ifp = 0. 


(7) 

( 8 ) 


u = 0 


on 


dQ. 


= 1 in , 

u = 0 on do,. 


A viscosity solution to © or to dS]) is a function u G (7(17) such that u = 0 on 517 and u is 
a viscosity solution to the pde —A^oU = 1 or —A^u = 1, according to the above recalled 
definitions. 

The existence and uniqueness of such a viscosity solution has been proved in [221 Sj for 
the Dirichlet problem dZ]) and in [3211321 ED E] for the Dirichlet problem dB]) • 

Concerning regularity, we proved in our previous papers [TB] and HD that, under the 
assumption that 17 is convex, the unique solution to the above Dirichlet problems is 
power-concave (precisely, (|)-concave in case of problem dD) and (^)-concave in case of 
problem 0), locally semiconcave, and of class (7^(17). In case of the Dirichlet problem 
for the not-normalized operator, such regularity result was established in m under the 
additional assumption that 17 satisfies an interior sphere condition; we are going to remove 
this restriction in Lemma M below, using the fact that an appropriate web function is a 
supersolution (see Proposition fT2]l . 
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Finally, we need to recall some definitions related to the distance function to the boundary 
of n, which will be denoted by dgn. We let S(n) be the set of points in where dgn is 
not differentiable, and we call cut locus and high ridge the sets given respectively by 

(9) S(n) := the closure of in 


(10) M(n) := the set where dQQ,{x) = pn := max^d^fJ ■ 

Following [221ES], we say that u : —)■ M is a web-function if u depends only on dpQ, i.e. 

u = g o dgQ for some function g: [0, pn] —>■ M. 

Two web-functions will play a special role in the paper, in connection with problems (fT]l- 
([2]). We denote them by (f>^ and 4>^ respectively: 


( 11 ) 


:= Co 


4/3 

Pn 


{pn - danix))^/^ , 


where cq := 3'^/^/4, 


( 12 ) 


(Pn{x) ■■= ^ [pI - {PQ - ddn{x)f] . 


3. Results 

Throughout the paper, R is assumed to be an open bounded connected subset ofMT. When 
the additional assumption that R is convex is needed, this is explicitly specified in the 
statements. 

In our paper [12] , we obtained some geometric information on the shape of domains R C M” 
whose cut locus S(R) and high ridge M(R), defined respectively in ([9|) and (fTOli . agree. 
In particular we proved that, in dimension n = 2, a domain R such that S(R) = M(R) is 
necessarily the tubular neighborhood of a line segment, possibly degenerated into a point. 
Inspired by this characterization, we set the following 

Definition 1. We say that an open bounded convex subset of M” is a stadium-like domain 
if there holds S(R) = M(R). 

Our main results state that being a stadium-like domain is a necessary and sufficient 
condition on a convex set R for the existence of a solution to any of the overdetermined 
problems dU and dJj). 

Theorem 2. Assume that R is convex. Then the overdetermined boundary value prob¬ 
lem © admits a solution u € C'^(R) if and only if Q is a stadium-like domain (and in 
this case it holds u = , with pQ = c). 

Theorem 3. Assume that R is convex. Then the overdetermined boundary value prob¬ 
lem m admits a solution u G C^(R) if and only if Q, is a stadium-like domain (and in 
this case it holds un = with pQ = c). 

As a companion result, which will be obtained as a consequence of Theorem [S] we establish 
that being a stadium-like domain is also a necessary and sufficient condition on a convex 
set R for the regularity of the unique solution to the Dirichlet problem ([8|): 

Theorem 4. Assume that R is convex. Then the unique solution to the Dirichlet boundary 
value problem (l8|) is of class C^’^(R) if and only ifTl is a stadium-like domain (and in this 
case it holds un = 4>^, with pn = c). 
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Remark 5. By combining Theorems [21 [3] and 0] with Theorem 6 in [12], we infer that, in 
dimension n = 2, domains kl where any of the overdetermined problems ([T]) or (ED admits a 
solution (or where the unique solution to problem ([HD is of class C'^’^(n)) are geometrically 
characterized as 

n = {x G : dist(x, S) < pq} , 

being the set S := S(n) = M(fl) a line segment (possibly degenerated into a point). If in 
addition dkl is assumed to be of class then H is a ball (see |12l Theorem 12]). 

Remark 6. The same statement as Theorem 0] for the not normalized operator is clearly 
false. In fact, notice carefully that the function (fp is merely of class (^^’^/^(n). We recall 
that, in the case of infinity harmonic functions, the works by Savin [53|, Evans-Savin m 
and Evans-Smart m establish they are differentiable in any space dimension and C^’°‘ in 
dimension two. 

Remark 7. We stress that asking that the solution is of class (7^(11) in Theorems [2] and [3| 
amounts to require merely that the C'^(n)-regularity known for the unique solution to 
problems 0-® (c/. Section [2D is preserved at dkl. Notice that this is somehow necessary 
in order to give a pointwise meaning to the Neumann boundary condition in ([lD-([2D- We 
address as an open problem the question of establishing whether the regularity of 
the solution to problems (0-® extends up to dkl in dependence of the regularity of the 
boundary itself. Eor related boundary regularity results, see [36l [2^ [26] . 

We now outline the proof of Theorems [21 and [3l by stating the results which serve as main 
intermediate steps and explaining how they allow to conclude. For convenience, the proof 
of such intermediate statements is postponed to Section 0] whereas the proof of Theorem 0] 
is given in the final Section [5] 

The main idea to prove Theorems[2]and[3|is to make use of suitable P-functions, introduced 
hereafter. 


Definition 8. For x G 11, we set 

|Vu(x)|4 


(13) 


P(x) := 


-I- u{x ), 


^ , , |VuAr(x)p , , 

Pn{x) :=- r - h un{x) 


4 ' ’ - - v-/ ■ 2 

where u and un denote respectively the unique solution to problems 0 and 


The choice of the above P-functions is due to the fact that their constancy on the whole 
n, if satisfied, gives the crucial information that u and um are web-functions, and more 
precisely that they agree with the functions (/>o and (f)^ introduced in ([TT]) - (fT^ . We have 
indeed: 


Proposition 9. Assume that the unique viscosity solution to problem 0 or 0 is of class 
(7^(11), and that 

(14) P{x) = A a.e. on 11 or Pn{x) = Xn o,.e. on H, 

where A and Xn are positive constants satisfying X < cop^^ and Xn < ^Pq- 
Then we have respectively: X = copf^^ and u = fP', or Xn = ^Pq un = (j)%- 

In turn, if the unique solution to problem 0 or 0 happens to be a web-function, we can 
prove that necessarily the cut locus and high ridge of H agree. Actually this geometric 
condition turns out to be necessary and sufficient for the solution being a web-function, 
according to the result below: 
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Proposition 10. The unique viscosity solution to problem dZD or ([8]) is a web~function 
if and only if there holds S(r 2 ) = M(r 2 ). 


In view of Propositions [U] and [TUI in order to prove Theorems [5] and [31 one is reduced 
to answer the following question: is it true that, if a solution to the overdetermined 
problems ([I|)-(l 2 |) exists, the corresponding P-function is constant? 

In this respect, the pde interpreted pointwise at points of two-differentiability of u yields an 
elementary but important observation. Let u and un be the solutions to problems (|7j)~(|8|), 
and let 7 and 'Jn be local solutions on some interval [ 0 , 6) to the gradient flow problems 


(15) 


j[t) = Vu{'y{t)) f 7 Ar(t) = VuAr(7Ar(t)) 

7 ( 0 ) = X G 0 , [7Ar(0) = X G n . 


We claim that, if u (resp. un) is twice differentiable at 7 (t) (resp. 7 Ar(t)) for T^-a.e. 
t G [0,5), then it holds 

(16) ^(P( 7 (t )))=0 (^resp. ^(PAr( 7 jv(t))) = 0 ) T^-a.e. in [ 0 ,5). 

The proof of this claim is very simple and we limit ourselves to check it for the normalized 
operator, the other case being completely analogous. At every point x where um is twice 
differentiable, it holds VPn{x) = D‘^un{x) Vun{x) -|- VuAr(x); we infer that 

{VPn{x), VuAr(x)) = AooUn{x) + |VttAr(x)|^ = 0. 

Thus, since by assumption un is twice differentiable at 7 Af(t) for C^-a.e. t G [0, 5), it holds 

= ^VPv( 7 (t)), VttAr( 7 Ar(t))^ = 0 T^-a.e. on [0,5). 

Unfortunately, we have not enough regularity at our disposal to infer from (I16p that the 
P-functions are constant along the gradient flows. In fact, since u and un need not be 
of class C^’^(n), the maps t i-A P o 7 and t i-)- Pat o 77 V may fail to be in AC'([0, 5)). To 
circumvent this lack of regularity, we argue as follows. In a first step, we proceed by finding 
some upper and lower bounds for the P-functions. They are obtained by approximating 
u and utv by more regular functions (their supremal convolutions, see Section [3|). 


Proposition 11. If Q is convex, there holds 
. jVu'^ 


(17) 

(18) 


mm ■ 
an 4 


< P(x) < nmxtt 
n 


mm--- < PnIx] < maxuv 

an 2 fi 


Vx G n, 

Vx G n. 


The above bounds enable us to arrive at the constancy of the P-functions when combined 
with a last key ingredient, which is stated below. 

Proposition 12. The web functions fP' and are viscosity supersolutions respectively 
to the equation —AooU = 1 and —A^u = 1 in Q. 


Based on the strategy outlined above and on the preliminary results stated so far, let us 
give more in detail the proof of Theorem [3| The proof of Theorem [2] is omitted since it is 
analogous, relying on the corresponding intermediate steps. The only difference is related 
with the removal of the interior sphere condition appearing in m Thm. 5], as mentioned 
in the Introduction. This is discussed in detail after the proof of Theorem [3j 
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Proof of Theorem [3l Let B = Bp^{xq) be an inner ball of radius pn, let yo be a fixed 
point in dB n and let 7 be the line segment [xojyo]- Let and (j)^ be the web- 
functions defined according to (m. By Proposition 1121 applying the comparison principle 
proved in [21 Thm. 2.18], we infer that 

(19) < un{x) < 4>^{x) yx e B. 

We can deduce several consequences from these inequalities. Firstly we observe that, since 
both the functions (j)ff and (j)^ have a relative maximum at xq, by (|19p the same property 
holds true for un- Hence xq is a critical point of un- In turn, we observe that 


( 20 ) 


Xq G argmaxjy(ttjv) • 


Indeed, the set of critical points of un agrees with the set argmax^(rt 7 v) where un attains 

its maximum over 0. This is because, by HD Theorem 6 ], the function is concave in 
H; hence its gradient vanishes only at maximum points of ui\f. 

Moreover we notice that, since the distance functions dpB and dg^i agree on the line 
segment 7 , there holds 

(21) (j)ff{x) = (l)%{x) VxG7. 

As a consequence of (fT9l) and (I2TI1 . we deduce that un{x) = 4>%ix) = 4>ff{x) for all x € 7 . 
Namely, there holds 


( 22 ) 


= Pn - (Pn - 


Vx G 7 . 


It follows from (1221) that |VriAr(?/o)| = Pn- Recalling that by assumption un satisfies the 
Neumann condition \ VuN{y)\ = c for all y G dQ, we deduce that the value of the parameter 
c is related to the inradius by the equality c = p^. Using such equality and (l20]l . we get 


m_ax('UAr) = 'UAr(xo) = ^ = ^ • 
o 2 2 


By Proposition [m this implies that the P-function associated with un according to (fT^ 
satisfies 

c2 - 

Pn{x) = — Vx G n. 

Since H is assumed to be convex, it follows from HD Thm. 16], that u is of class C'^(H). 
Therefore, we are in a position to apply Proposition [9l to obtain that un = 4>^ (with 
Pfi = c), and finally Proposition [TU] to conclude that E(H) = M(f2). □ 


Going through the above proof, we see that we have used all our intermediate results, 
stated in Propositions (H [TOl dH and [HJ Since such results have been established also in 
case of the not normalized operator A^o, this allows to obtain the proof of Theorem [21 
Nevertheless, some attention must be paid, precisely when applying Proposition^ because 
it requires that the unique solution to problem ([7|) is of class C^(n). Whereas in case of 
problem Q the C^-regularity of the solution was proved in HD Thm. 16] for arbitrary 
convex domains, in case of problem dTj), it was proved in m Cor. 10] under the additional 
assumption that H satisfies an interior sphere eondition. Moreover, an inspection of the 
proof of HD Thm. 16] reveals that it is not straightforward to adapt it to the case of the 
not normalized operator. However, relying on the new Proposition 1 121 we are now able to 
remove the interior sphere condition. This is done in Lemma [13] below. It ensures that. 
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also in case of problem ([7]), the -regularity condition asked in Proposition [9] is fulfilled 
for any convex domain, thus enabling us to conclude the proof of Theorem [21 

Lemma 13. If Q. is convex, then the unique solution to problem ([7|) is of class (7^(0). 


Proof. By |13l Thm. 9], it is enough to show that the unique solution to problem (|7]) is 
power-concave. Let u be such a solution. For e € (0,1] let fig denote the outer parallel 
body of 0 defined by 

He := {x G M"" : dist(x, fl) < e} , 
and let denote the solution to 

= l in fie, 

I Ug = 0 on (9fie . 


Since fi^ satisfies an interior sphere condition (of radius e), by [131 Cor. 10] the function 
is concave in fi^. Therefore, to show that is concave in fi, it is enough to show 
that, as e —>■ 0, Re —>■ u uniformly in fi. In turn, by m Thm. 5.3], this convergence holds 
true provided UsIqq tends uniformly to 0. 

To that aim we observe that, thanks to Proposition[T2]and the comparison principle proved 
in [29l Thm. 3], there holds 


0 < Ue{x) < (ff‘‘^{x) = Co 


{pn + 



Vx G 9fi, 


which implies that converges uniformly to 0 on dH. 


□ 


4. Proofs of intermediate results 


4.1. Proof of Proposition [9l In case of the not normalized operator, the result has been 
proved in m Proposition 2]. Let us prove it for the normalized operator. It is clear that 
the constant Aw is equal to max^uw- On the other hand, max^uw > max^u = Pq/2, 
where v is the radial solution of the Dirichlet problem in a ball Bp^ C fi. Hence Ajv = p‘^l‘2‘- 
Let H: R X M"' —>■ M be the Hamiltonian defined by 

H{u,p) := ^\pf + u- Xn- 

Then the second equality in (1141) can be rewritten as 

(23) H{u]\[{x),\/u]\f{x)) = 0, £"'-a.e. on fi . 

Since uw is of class C'^(fi), then it follows that it is a classical (hence also a viscosity) 
solution of the Dirichlet problem 


(24) 


{ Lf(uAr, Vttw) = 0, in fi, 
UN = 0, on clfi. 


Since the solution to this Dirichlet problem is unique (see e.g. O Theorem III.l]), to prove 
that UN = '/>w it is enough to show that also (j)^ is a viscosity solution to 
is differentiable at every point x G fi \ S', where S := S(fi) \ M(fi), with 


Vcf^ix) = 


(pn-dQQ{x))Vdonix), ifxGfi\S(fi), 

0, ifxGM(fi), 


Since 


we have H{(j)^{x), V(f^{x)) = 0 for every x G fi \ S. 
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We remark that (j)^ is a concave function, since it is the composition of the concave 
function 

(25) 9{t) ■■= ^[ph - (Pn -t€[0,pn], 

with the distance function dg^, which in turn is concave because Q is a convex set. Since 
S C S(r2) has vanishing Lebesgue measure and H is convex with respect to the gradient 
variable, from Proposition 5.3.1 in [ 8 ] we conclude that is a viscosity solution to ()24p . 

4.2. Proof of Proposition [TOl For the case of problem ([7]), the result has been proved 
in so we need to consider only the case of the normalized infinity Laplacian. 

Assume that hi is a stadium-like domain, and let us prove that is a viscosity solution 
to dS]). Let X G n and let us prove that both conditions ([5]) and dH) are satisfied. Let 
p G S(n) = M(n) and q G dfl be such that x G [q,p] (we remark that we have x = p if x 
belongs itself to the cut locus). Let us define u \= {p — q)/\p — q\. 

Let us first prove dS])- By the comparison principle proved in [21 Thm. 2.18] we have 

v.ESi, 

since the function v at the right-hand side is the solution of the Dirichlet problem in the 
ball Bp^{p) C n. Moreover, the functions (p^ and v coincide on the segment [q,p] and, in 
particular, at the point x. If (p^ -<x p we thus have 

(fix) = P)n{x) = v{x), v{y) < (p^{y) < ip{y) Vy G Q, 

so that V -<x p- Since u is a solution to —= 1, this implies that —A+(/j(x) < 1. 

Let us now prove dS]). Let ip -<x 4>%- 

If X G S(n) = M(II), we must have V<^(x) = 0 and 

{V^ip{x){y - x), y - x) < -{pn - dgn{y))‘^, Vy G Q. 

Since, in this case, x = q + p^iu we get 

Amin(V^</ 5 (x)) < {V^(p{x)u, i^) = \- {V‘^ipix){q - x), q- x) < - 1 . 

Pn 

If X 0 B(n), then r := dg^{x) = |x — < 7 ] < po, and 

Vp(x) = S/cp^ix) = g'{T)Vdgn{x) = g'{T)u ^ 0. 

Moreover, we have 

h{t) := ip{q + tv) <(p^{q + tv) = y(t), Vt G [0, pn], 

and 

/i(r) = y(r), /i'(r) = y'(r) > 0, h"(r) < y"(T). 

In particular we get 

= -h''{T) > -g"{T) = 1, 

so that we have proved that (p^ is a super-solution to ([ 8 ]). 

It remains to prove the converse implication of the proposition. Let us assume that the 
unique viscosity solution to dll) is a web-function, and let us prove that II is a stadium-like 
domain and that the solution is given by (p^. 

Assume that the unique viscosity solution to dS|) is of the form un{x) := f{dgfi{x)). 
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We claim that the map t i—>■ f{t) is monotone increasing on [0,po], and that the function 
v{z) := f{pn — l^l) is a viscosity solution of 

(26) -A^i; = l ini?,JO)\{0}. 

Namely, assume by contradiction that t i—>■ f{t) is not monotone increasing on [0,po]: let 
ti,t 2 G [0,po] be such that ti < t 2 but /(ti) > /(t 2 )- Then the absolute minimum of 
the continuous function / on the interval [ti,/9n] is attained at some point to > ti] in 
particular, there exists a point to G (0, pn] which is of local minimum for the map /. Let 
us show that this fact is not compatible with the assumption that un{x) = f{dQfi{x)) 
is a web viscosity solution to —A^un = 1 in n. Since to > 0, there exists a point xq 
lying in ft such that liao(xo) = to- Since to is a local minimum for the map /, the point 
xq is a local minimum for the function uat. Then, we can construct a (7^ function ip 
with if -<XQ uj\f, which is locally constant in a neighbourhood of xq- Clearly it holds 
—A^ip = — Amin(V^(^(xo)) = 0 < 1 , against the fact that un is a viscosity super-solution. 
To complete the proof of the claim, let us show that v{z) := f{pn — |^|) is a viscosity 
solution to (f26ll at a fixed point zq G Bp^{0) \ {0}. If t/; is a function with v -<zq '0, we 
have to show that 


(27) - AiV^(zo) < 1. 

We choose a maximal ray [pojQ'o]) with po G M{Q) and qo G dVL, that is, po is the center 
of a ball of radius po, = \po — qo\ contained into fl. We pick a point xq G fl such that 

xo&]po,qo[ and dQn{xo) = pn - \zo\ 
and, for x belonging to a neighborhood of xq, we set 


z{x) := [pn - |x - qo\]Co , 


with ^0 := . 

kol 


In particular, notice that by construction there holds z{xo) = zo- 
We now consider the composite map 


ip{x) := ^p{z{x)). 

Clearly it is of class in a neighborhood of xq, and it is easy to check that it satisfies the 
condition ujy -< 3,0 P- Indeed, by the definitions of U]y,v, and z, and since v -<zo ip-, there 
holds 

«Ar(a;o) = f{ddn{xo)) = f{pn - kol) = vi^o) = ip{zo) = p{xo)- 
Moreover there exists r > 0 such that 


un{x) = f{don{x)) < f{pn - \z{x)\) = v{z{x)) < ip{z{x)) = ip{x) Vx G Br{xo)- 

Notice that the first inequality in the line above follows from the fact already proved 
that / is monotone increasing, while the second one holds for r sufficiently small by the 
assumption that v -<zo ip and the continuity the map z at xo- 

Then, since un -<xo P and by assumption un is a viscosity solution to —A^un = 1 in fl, 
we deduce that 

(28) - Ai<^(xo) < 1. 

We now distinguish the two cases V(p(xo) = 0 and V(p(xo) 7 ^ 0. 

Case V(p(xo) 7 ^ 0. Setting 5(x) := |x — gol, a direct computation yields 
Vq^(x) = - (ViP(z(x)), Co) V5(x), 

D^(p(x) = (D^ip(z(x)) Co, Co) V6(x) (g) Vd(x) - (Vip(z(x)), Co) B>^d(x) . 
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Taking into account the identities 

|V5(x)| = l, 

[V5(x) ® V(5(x)]V(5(x) = V6{x), 
D^6{x)V6{x) = 0, 


we obtain 

(29) A+(^(xo) = |v^(xo)|) ^ (^^'(’(^o)Co, Co) ■ 

Now, from m Lemma 17(a)] we have 

V'iA(zo) = aCo, with a € -D^f{pn - |zo|), 


and our current assumption Vip{xo) / 0 implies a ^ 0. Therefore, 

(30) Co, Co) . 

In view of (I2UI) and (I5UD . we conclude that, in case V(/?(xo) ^ 0 , ([2711 follows from (125|1 . 

Case S/ip{xo) = 0. By ([2S|1 . we know that —Xmax{D‘^’^ixo)) < 1, and we have to prove 
that —Amax(71^V’('2^o)) < 1- From the relation V(/?(xo) = — {'V^jJ{zo), Co) V(5(xo), we see 
that VV’(zo) = aCo = 0, so that the Hessian matrices D‘^ip{xo) and are related by 

(31) D\{x^) = (D^^izo) Co, Co) V5(xo) ® V5(xo). 

Since Amax(71^<^(xo)) > —1, there exists an eigenvector r] such that {D‘^ip{xo)r],r]) > — 1 . 
Then (fHTIl yields 

-1 < {D‘^ip{xo)v,v) = {D‘^'ijjizo)Co,Co) i{^S{xo),v)f < {D‘^i^{zo)CoXo), 


which shows that Amax(77^'0(zo)) > — 1 . 

In order to prove that u is a viscosity super-solution to (12H|1 at zq, one can argue in a 
completely analogous way. More precisely, keeping the same definitions of Co, Po, Qo, and 
xo as above, one has just to modify the auxiliary function z{x) into z{x) := \x — polCo, 
then replace the distance function 6{x) by 5{x) := jx — po|, and finally apply part (b) in 
place of part (a) of m Lemma 17]. 

We are now ready to prove that un coincides with the function (j)^ dehned in (| 12 p . Let 
/: [0, pn] —>■ M be a continuous function such that un{x) = f{dQQ{x)). We have to show 
that / agrees with the function g: [0,/?q] —> M dehned by ([25]) . Since un is assumed to 
be a viscosity solution to the Dirichlet problem ([ 8 |), according to what proved above we 
know that v{z) := f{pn — |^|) is a viscosity solution to 


(32) 


-A^u = l in Hpj,(0) \ {0}, 
< u = 0 on dBp^{0), 

,^( 0 ) = fipn) ■ 


Let us dehne, for every r > 0, the function 

(33) gr{t) :=^[r^ - {r-tf] , tG[0,r]. 


We claim that there exists r G [po, -|-oo) such that 


( 34 ) 


9r{pn) = f{pn) • 
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To prove this claim, we observe that the function 

r ^ gr{pn) = ^[r‘^ -{r- Pnf] 

maps the interval [pQ, +oo) onto [^Pq, +oo). Thus in order to show the existence of some 
r such that (p^ holds, it is enough to prove the inequality 

(35) f{pn) > ^Pn . 

In turn, this inequality readily follows by the comparison principle holding for the Dirichlet 
problem (l 8 |) (see [21 Thm. 2.18]). Namely, let xq G M(n). We observe that the function 
w{x) := g{pn — |x — xo|) solves —A^w = 1 in Bp^{xo) and re = 0 on dBp^{xo). This is 
readily checked since, being w of class C^, it holds 

-A^w{x) = -g''{pQ, -\x- xol) = 1 for X 7 ^ xo 

and 

j ^cx)^(^o) — '^max(T^ R^(®o)) — '^max( Id) — 1 , 

[_ AgQUl(xo) — 'R^(^o)) — '^min( Id) — 1 . 

On the other hand, the function un solves —A^un = 1 in Bpp^{xo) and un > 0 on 
dBp^{xo). The latter inequality can be deduced by applying the comparison principle 
proved in [21 Thm. 2.18]. Again by applying the same result, we deduce that un{x) > 
g{pn — “ 2 :o|) in Bp^{xo). This implies in particular inequality as 

f{pn) = un{xo) > g{pQ) = ^pI ■ 

Now, we have that the function 

gr{pn-\z\), zeBp^{0), 

is a classical solution (and hence a viscosity solution) to problem (13211 . (Notice that in 
particular the third equation in (13211 is satished thanks to (I34p i. 

From [21 Thm. 2.18], |30l Thm. 1.8], [321 Cor. 1.9] we know that there exists a unique 
viscosity solution to (l32]l . We conclude that, for some r > pQ, it holds v{z) = gripn — |- 2 |), 
that is 


(36) f{pn-\z\) = gripn-\z\), 
or equivalently ujyix) = griddfiix))- 

In order to show that uj\f = 4>^, we are reduced to prove that r = pn- We recall that, 
since r > pn, then g'ripn) > 0, and that g'ripn) = 0 if and only if r = Assume by 
contradiction that g'ripn) > 0. Let xq G M(n). Without loss of generality, assume that 
xo = 0. Thanks to the concavity of gr, we have 

(37) UNix) = gridanix)) < 'UAr(O) + p(.(pn)(d(x) - pn) ■ 


From Theorem 2 in m, there exist vectors p, C G M”, with {C, p) 7 ^ 0, and positive 
constants c, C, 6, such that 

(38) danix) < daniO) + (p, x) - c (C, x)^ + ^|xp Vx G B^iQ) . 

By (l371l and (l38]l . it holds 

Unix) < (p(x) := UAr(O) + g'ripn) \ {p, x) - c(C, x)^ + 7r^|xp 
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SO that UN ^0 Since V<y9(0) = g'r{pn)p 7^ 0, via some straightforward computations we 
obtain 

^ ^ (-2c(C. P? + ^IPI^) . 

Since g'ripn) > 0 and (C, p) ^ 0, it is enough to choose c > 0 large enough in order to 
have Aj^(/9 (0) < —1, contradiction. 

Since we have just proved that un = we know that un{x) = g{dQQ{x)), with g as 
in ()25p . Assume by contradiction that there exists xq € S(n) \ M(n). Without loss of 
generality, assume that xq = 0, and set do = dgoPO). Since we are assuming xq 0 M(0), it 
holds do < pn, which implies g'{do) > 0. Then, we can reach a contradiction by arguing 
similarly as above. Namely, thanks to the concavity of g, we have 

(39) un{x) < UAr(O) + g'{do){dan{x) - do ). 


By and pH]) , we have 


1 


un{x) < ip{x) := un{0) + g'{do) {p, x) - c {(, x) + ^\x\ 

L Zdo 

so that Un -<o P- Moreover, since V(/?(0) = g'{do)p ^ 0, we have 

= (-2c(c,p) 


Since g'{do) > 0 and (C, p) 7 ^ 0, it is enough to choose c > 0 large enough in order to 
have A+(/?(0) < —1, contradiction. We have thus shown that S(n) C M(n). Since the 
converse inclusion holds true for all fl, and since M{Q) is a closed set, we conclude that 
the required equality S(n) = M(n) holds. □ 


4.3. Proof of Proposition fTTl The estimates (I17p for the not normalized infinity Lapla- 
cian have been proved in m Thm. 4], so we will prove only the estimates (1181) for the 
normalized infinity Laplacian. 

To that aim we need a number of preliminary results. We set for brevity 

(40) K := argmaxjyUAT, p := maxuN ■ 

n 

A first key step is the construction of the gradient How X associated with un, and the 
location of its terminal points, according to lemma below. The proof is omitted since it is 
completely analogous to that of Lemma 3 in [13] : we limit ourselves to mention that it is 
based on the local semiconcavity of uat (see HI Theorem 3.2 and Example 3.6]), which in 
case of the solution to problem ([ 8 ]) has been recently proved in HD Prop. 13]. 

Lemma 14. Assume that Q, is convex and that the unique solution un to dH) is of class 
Then, for every point x € Q \ K, there exists a unique solution X(-,a;) to (USD 
globally defined in [0,+oo). Moreover, if we set 

(41) T{x) ■= sup{t > 0 : VuAr(X(t,x)) 7 ^ 0} G (0,+oo], 
then 

(42) lim X(t,x)GAr, lim Vu 7 v(X(t, x)) = 0. 

Finally, there exist xq G did and to G [0,T(xo)) such that x = iK{to,xo)- 
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As we have already mentioned in Section [3l the above result cannot be directly exploited 
to infer the constancy of Pn along the flow X, because of the possible lack of absolute 
continuity of -Pv- In order to overcome this difficulty, we approximate un via its supremal 
convolutions, defined for e > 0 by 

(43) u^{x) := sup \u{y) — Vx € M"', 


where ft is a Lipschitz extension of mw to with Lip]jn('u) = Lip^(MAr). 

In the next lemma we state the basic properties of the functions which we are going to 
use in the sequel. Let us recall that, according to [8l Lemma 3.5.7], there exists i? > 0, 
depending only on Lip]gn('u), such that any point y at which the sup remum in ()43p is 
attained satisfies \y — x\ < sR. Thus, setting 

(44) [/e := {x G n : UNix) > e} , := {x G C4 : dQu^{x) > eR} , 

there holds 

(45) u^{x) = sup \uN{y) - I Vx G Ae. 

yGUe '' J 

Moreover, let us define 

(46) nie := maxu^, := {x G Ag : u^{x) > mg} . 

0A.g 


Lemma 15. 

tively as in 


Under the same assumptions of Lemma\14[ let and fig be defined respec- 
and (HSIl. Then: 


(i) is of class on fig/ 

(ii) is a sub-solution to —A^u — 1 = 0 in fig/ 

(iii) as e —>■ 0 +, it holds 


—>■ UN uniformly in fl, 

—>■ S/un uniformly in fl 


(so that mg ^ 0 and fig converges to fl in Hausdorjf distance). 


Proof. The proofs of (i) and (iii) are the same as those of the corresponding statements 
in m Lemma 4]. Let us check that also statement (ii) remains true for the normalized 
operator. 

Let X G fig, and let {p,X) G J^’J^u^(x). It follows from magical properties of supremal 
convolution (c/. [101 Lemma A.5]) that {p,X) G J^^UNiy), where y is a point at which 
the supremum which defines u^(x) is attained. Since y G f7g C fig, it holds J^~^UN{y) = 
J^^u^{x); therefore, we have {p,X) G J^~^UN{y), which implies —{Xp,p) < 1 in case 
p ^ 0 and —Amax(X) < 1 in case p = 0. □ 


Next we observe that, for every e > 0, one can consider the gradient flow Xg associated 
with u^. Namely, for every Xg G fig, the Cauchy problem 


( 47 ) 


7g(l) = Xu^i'y^it)) 
7e(0) “ S fig , 
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admits a unique solution : [0, +oo) —>■ Indeed, the fact that Xe(-, Xe) is defined 

in [0, +oo) follows from the estimate 

= |Va'(7c(*))t > 0, 

SO that 76;(t) € fie for every t > 0, while uniqueness follows from the regularity of 
stated in Lemma fTM il. 

The following lemma establishes the behavior, along the flow Xg, of the approximate 
P-function defined by 

(48) Pe{x) +U^(x), xe^e, 

showing that Pg increases along Xg. For the proof, we refer to m Lemma 5]. 


Lemma 16. Under the same assumptions of Lemma let , fig, 

-a.e. Xg 


respectively as in (03]), (06|), and ([l8|). Then, for VT ^-a.e. Xg G (9flg 


and Pg be defined 
it holds 


Pg(Xg(ti,Xg)) < Pg(Xg(t 2 ,Xg)) yti,t 2 with 0 <ti<t 2 . 


We are finally in a position to give the 

Proof of Proposition 1111 By continuity, it is enough to show that the inequalities (I18p 
hold for all X G Ll \ K. By Lemma [TU given x G LI \ K, there exist xq G dLl and 
to S [0, T'(xo)) such that x = X(to,xo). By Lemma fTHl we may find a sequence of points 
Xg G cXIg converging to xq such that, for every t > to, we have 

Pe{Xe) < PeOLe{to,Xe)) < Pe(X,(t, X^)) . 

We now pass to the limit as e —)• 0+ in the above inequalities: by using the continuous 
dependence for ordinary differential equations (see e.g. [231 Lemma 3.1]), and the uniform 
convergences stated in Lemma fTM iiil . we get 

(49) Pn(xo) < Pn(x) < Pjv(X(t,xo)) ■ 

We have 

„ ^ N |VnAr(®o)|^ ^ . |VuwP 

^ 

on the other hand, from (14211 . it holds 

lim P/v(X(t, Xq)) = lim ujY(X(t, xq)) < M ■ 

t — >T{^xq') t —^T’(aio) 

Then (fTHl) follows from (jUj). □ 


4.4. Proof of Proposition I12L The proof of this result is new for both the operators 
Aoo and A^. Since it is analogous in the two cases, we present it just for the normalized 
operator. Let (p -<x 4>^- Let p G M{Ll) and q G dLl be such that x G [q,p], and let 
■= {p — q)/\p — q\- We distinguish three cases. 

Case 1: x G M(fl). In this case there holds necessarily Vip{x) = 0 and 

{V‘^ip{x){y - x), y - x) < -{pn - d 9 n{y)f, Vy G Ll. 

Since, in this case, x = q + pciu we get 

Amin(V^¥?(x)) < {V^(p{x)u, 1^) = -^ {V‘^if{x){q - x), q- x) < -1. 

Pn 






BOUNDARY VALUE PROBLEMS EOR INEINITY LAPLACIAN 


17 


Case 2: x 0 S(r2). In this case we have r := dgni^x) = |x — < pn, and 

Vip{x) = S/(j)%{x) = g'{T)Vdgn{x) = g'{T)v / 0, 
with g as in (I25p . Moreover, we have 

h{t) := + tv) <(t)^{q + tv) = g{t), \ft € [0,pn], 


and 

/i(r) = g{T), h'ir) = g'ir) > 0, h"{T) < /(r). 


In particular we get 

= -h''{T) > -g''{T) = 1. 


Case 5: X € S(n) \M{Q). In this case, since the sub-differential of dgQ at x is empty, the 
same holds true for the sub-differential of at x. In particular, the second order sub-jet 
jQ(j)^{x) is empty, so that (j)^ trivially satisfies the definition of viscosity super-solution 
at X. □ 


5. Proof of Theorem g] 

The sufficiency part in the statement of Theorem g] readily follows from Theorem g] and 
formula (I12p . The necessary part is proved in Proposition 1181 below, after the following 
preliminary lemma. 

Lemma 17. Assume that 12 is convex and that the unique solution u to problem ([8]) 
belongs to \ iC), with K as in (gO]). Then, for a.e. x ^Cl\K, there exists a unique 

solution lK{-,x) to (IISl), globally defined in [0,-|-oo), which satisfies 

(50) X(t,x) ^ K Vt G [0,+00) 
and 

(51) lim dist(X(t, x), X) = 0 . 

t^+00 

Proof. For every x G 12 \ X, any local solution 7 to the second Cauchy problem in (I 15 p 
cannot exit from {u > u{x)} because we have 

( 52 ) " Vu(7(2)) • 7(2) = |Vu(7(2))P , 

so that u increases along the flow. Hence local solutions are actually global solutions, i.e. 
they are defined on [0,-|-oo). The uniqueness of the gradient flow associated with u in 
12 \ X follows from the local Lipschitz regularity of Vu assumed therein. 

Let us now prove that, for a.e. x G 12 \ X, condition (1501) is fulfilled. To that aim we are 
going to exploit the following claim, where the constant p is defined according to (1401) : 

Claim: There exists a set L C (0,/i) with \L\ = p such that, for all m G L, condition (I50p 
is satisfied for 'HT~^-a.e. x G {u = m}. 

Let us first show how the lemma follows from the claim. We point out that the set F given 
by points x G 12 \ X such that (l50p is false is T^-measurable. Indeed, F is open because 
its complement is given by fj^ Gn, with 

G„:=|xG 12\X : X(2,x)0X V2G[0,n]|, 
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and every Gn is closed by continuous dependence on initial data. Then, we can integrate 
|Vtt| over F and we obtain 


(53) 


|Vtt| dx = 


dm [ 

Jo Jl 


{u=m}nF 


dn^-\y) = o, 


where the first equality holds by the coarea formula, and the second one is consequence of 
our claim. 

We now observe that |Vtt| > 0 on n \ K: this is due to the fact that u G C'^(n) with 
concave, so that Vtt vanishes only at maximum points of u. 

In view of this observation, (|53p implies that F is /l"'-negligible, and the lemma is proved. 
Finally, let us give the 

Proof of the Claim: Let us define L as the set of values m G (0, y) such that u is twice 
differentiable T-F~^a.e. on {u = m}. 

Firstly let us check that \L\ = y. Namely, by the coarea formula, if Z is the set of points 
in n \ iF where u is not twice differentiable, we have 

0 = / \Vu\dx= f dm f dT-F~^{y). 

Jz Jo J {u=m}nZ 


We infer that, for C^-a.e. m G (0,/r), the set {u = m} PI Z is ?^”“^-negligible, so that L is 
of full measure in ( 0 ,^). 

From now on, let m denote a fixed value in L. For x G {tt = m}, let us define 


(54) N{x) := |t G [0,T(x)] : u is not twice differentiable at X(t,x)| 

and let us show that 


(55) 


C^{N{x)) = 0 for PF ^-a.e. x € {u = m} . 


By construction the set 

E := |x(t, x) : x G {u = m} , t G N(x)| 

is contained into the set of points where u is not twice differentiable. Then, since by 
assumption u G \ K), the set E is Lebesgue negligible. By the area formula, we 

have 

0 = C^{E)= [ dn'^-^x) [ JX{t,x)dt, 

J {u=m} J N{x) 

where JX is the Jacobian of the function X with respect to the second variable. Since 
this Jacobian is strictly positive (c/. [U eq. (5)]), we infer that (15511 holds true. 

Let us prove that (I50D holds for every xq G {tt = m} such that both the conditions 
£^(N(xo)) = 0 and u twice differentiable at xq hold. 

Let xo be such a point, and set 


(/?(t) := u(X(Lxo)), t G [0 + oo). 

Since C^{N{xq)) = 0, and since u is assumed to be in \ iF), the P-function is 

constant along 7 . Therefore, the function ip{t) (which is in ^(^([O,+ 00 )), because u G 
(7^(14) and 7 G ^(^([O,+ 00 ))), solves the Cauchy problem 

J ^(t) = 2 A — 2ip{t) C^-a.e. on [ 0 , + 00 ) 

I ¥3(0) = m. 
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where m := u{xo). Since this Cauchy problem admits a unique global solution, given by 

:= + A(1 — , 

we conclude that u{'y{-)) agrees with Tp(-) on [ 0 ,+oo). 

We now observe that 

/ 0 Vt G [ 0 , +oo). 

Since Vtt = 0 on K, we infer that X(t, xq) ^ K for t € [0, +oo). 

Eventually, we observe that (l50l) implies ([^ . Namely, assume that (ISTI) is false. Since 
u is increasing along the flow, there exists some level set {u < m}, with m < fi, which 
contains the whole trajectory 'K(t,x) for t G [0,+oo). On the compact set {u < m}, the 
continuous function |Vii| is bounded below by some strictly positive constant. Then, in 
view of (f52]l . we deduce that (l50l) cannot hold. □ 


Proposition 18. Assume that ft is convex. If the unique solution to problem ([8]) is in 
\ K), then H is a stadium-like domain. 


Proof. Let u denote the unique solution to problem ([ 8 ]). As a hrst step we observe that, 
since by assumption u G \ K), there holds 

(56) Pn{x) = Vx G n. 


This can be obtained as a consequence of Lemma HTJ by arguing as follows. Since Pn is 
continuous in fl, it is enough to prove that the equality Pn{x) = p holds a.e. on Q,\K. 
Namely, let us show that it holds for every x € Q \ K such that (f50]l - (fCT hold and 
C^{N{x)) = 0, with N{x) as in (l5H) . (Actually, both these conditions are satisfied up to a 
T”-negligible set, by the same arguments used in the proof of Lemma [T7)l . Let x £ I}\K 
be such that (l^ - dfri) hold and C^{N{x)) = 0. Since C^{N{x)) = 0, P is contant along 7 
and, since (fbnjl - ffbTT) hold, the constant is precisely equal to p, yielding (f56]l . 

Now, for m > 0, consider the (convex) level sets 


Ilm := |x G : u{x) > m| 


As a consequence of (IS51) . and since u G u satisfies on the overdetermined 

boundary value problem 


(57) 


= 1 

u = m 


|Vu| = - m) 


in Hmi 
on dPlrni 
on dPlrn ■ 


By applying Theorem [3] (to the function u — m), we infer that is a stadium-like domain 
for every m > 0 . 

To conclude, we notice that {1dm} is an increasing sequence of open sets contained into a 
fixed ball; therefore, as m ^ O'*', it converge in Hausdorff distance to their union (see for 
instance [Ml Section 2.2.3]). Taking into account that Id = {u > 0 } = Um^m> infer 
that di^(ldm) Id) —)• 0 , so that also the limit set Id is a stadium-like domain. □ 
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